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Abstract 

We give a derivation of tagged particle processes from unlabeled inter- 
acting Brownian motions. We give a criteria of the non-explosion property 
of tagged particle processes. We prove the quasi-regularity of Dirichlet 
forms describing the environment seen from the tagged particle, which 
were used in previous papers to prove the invariance principle of tagged 
particles of interacting Brownian motions. 



1 Introduction 

Interacting Brownian motions (IBMs) in infinite dimensions are diffusions Xt = 
(Xj)igz consisting of infinitely many particles moving in M.'^ with the effect of 
the external force coming from a self potential $ : R"^ — >-]R U {oo} and that of the 
mutual interaction coming from an interacting potential : R'' x R'' — ;> R U {oo} 
such that '^{x,y) — '^{y,x). 

Intuitively, IBMs are described by the infinitely dimensional stochastic dif- 
ferential equation (SDE) of the form 

dXi^dB\-]^v^xi)dt-]^ v^ixi,xi)dt (*ez). (1.1) 
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The state space of the process ~ {Xl)i^z is (R'^)^ by construction. Let X 
be the configuration valued process given by 



Here 5a denotes the delta measure at a and a configuration is a Radon measure 
consisting of a sum of delta measures. We call X the labeled dynamics and X 
the unlabeled dynamics. 

The SDE (fTTj) was initiated by Lang [10], [11] ■ He studied the case $ = 0, 
and ^(a:, y) = ^(x — y), ^ is of Cq(R''), superstable and regular in the sense 
of Ruelle [5T]. With the last two assumptions, the corresponding unlabeled 
dynamics X has Gibbsian equilibrium states. See [35], [S] and [23] for other 
works concerning on the SDE (jl.ip . 

In [14] the unlabeled diffusion was constructed by the Dirichlct form ap- 
proach. This method gives a general and simple proof of construction, and 
allows us to apply singular interaction potentials such as Lennard- Jones 6-12 
potential, hard core potential and so on. See [U], [T] [5S], and [2^ for other 
works concerning on the Dirichlet form approach to IBMs. 

In this paper we are interested in the property of each labeled particle of the 
unlabeled particle system given by the Dirichlet form. Such labeled particles 
are called tagged particles. By construction the unlabeled IBMs X are conser- 
vative since they have invariant probability measures and their state spaces are 
equipped with the vague topology. However, each labeled particle may explode 
under the Euclidean metric on in general. The first purpose of the paper is 
to give a criteria for the non-explosion of the labeled particles (Theorem 12. 5p . 

Let us next assume the total system is translation invariant in space. More 
precisely, we assume the stationary measure /x and the energy form of the 
Dirichlet space are translation invariant. Then the process X starting from fi is 
translation invariant in space. The above assumption means, for Ruelle's class 
potentials [3T], $ = and '^(x^y) = ^{x - y). 

This type of infinite-dimensional diffusions has been studied by the motiva- 
tion from the statistical physics. One of the archetypical problem in this field is 
to investigate the large time property (the diffusive scaling limit, say) of tagged 
particles in the stationary system. This problem was solved for the simple ex- 
clusion process, which is a lattice analog of the hard core Brownian balls, by 
Kipnis-Varadhan [9]. For this they establish the celebrated Kipnis-Varadhan 
invariance principle. 

As for the tagged particle problem of IBMs, Guo [6 , Guo-Papanicolau [7] 
initiate the problem. Later Dc Masi et al 12: study the problem for IBMs by 
using the Kipnis-Varadhan invariance principle. In [15] , we convert the Kipnis- 
Varadhan invariance principle to the Dirichlet form theory. As a result, we 
weaken the assumption on the L^-integrability of the mean forward velocity. 




(1.2) 
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This enables us to apply the invariance principle to hard core Brownian balls 
[H] and [S]. 

In [15] we consider Dirichlet forms describing the tagged particle process and 
the environment process. These two Dirichlet forms are necessary to apply the 
Kipnis-Varadhan theory to IBMs. Although we gave the out line of the proof 
of the quasi-regularity of these Dirichlet forms and the relation between these 
two processes and the original unlabeled diffusion, the details were postponed. 
The second purpose of the paper is to give these details (Theorems 12.41 12.61 and 
[111). 

We establish the quasi-regularity of the Dirichlet forms of /c-labeled dynamics 
(Lemma 12. 3p and prove the identity between fc-labeled dynamics and additive 
functionals of unlabeled dynamics (Theorem 12.41) . The 0-labeled dynamics are 
simply the unlabeled dynamics; the fc-labeled dynamics are the processes of the 
form {Xf, . . . , Xf, k ^x^)- "^^^ quasi-regularity of the Dirichlet form of 

the 0-labeled dynamics has been already proved in [T3] . Although Lemma [^751 is a 
straightforward generalization of it, we give a proof here for reader's convenience. 
On the other hand, the proof of Theorem 12.41 is complicated because there is 
no simple transformation between Dirichlet spaces of the 0-labeled dynamics 
and the fc-labeled dynamics. Theorem 12.41 plavs an important role not only in 
the present paper but also in [12] . In [12] Theorem 12.41 is used to solve the 
infinite-dimensional SDE (jl.ip describing IBMs. 

The organization of the paper is as follows: In Section[5]we give a set up and 
main results. In Section [3] we introduce a transformation of Dirichlet spaces. 
In Section 21 we prove the identity between unlabeled dynamics and the labeled 
dynamics (Theorem 12. 4p . In Section [S] we prove the quasi-regularity of tagged 
particle processes and environment processes (Theorem 12.61 and Theorem 12.71) . 
In Section |6] we study a non-explosion criteria and prove Theorem 12.51 In 
Section [7] we prove the quasi-regularity of Dirichlet forms describing the fc- 
labeled and other unlabeled particles. 

2 Set up and main results 

Let S' be a connected closed set in M.'^ such that S = (5™*); that is, S coincides 
with the closure of the open kernel of S. Let © be the set of the configurations 
on S, that is, 

6 = {s ^ (5s, ; 5{K) < oo for all compact sets K C S}. (2.1) 

i 

We endow 6 with the vague topology. Then & becomes a Polish space because 
5 is a Polish space (see [10]) • Let /x be a probability measure on {&,B{S)). 
We say a non-negative permutation invariant function p" on S'^ is the n- 
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correlation function of /i if 

/ p"(a;i,...,x„)dxi.-.dx„= / fj^-^^i^lLd^i (2.2) 

for any sequence of disjoint bounded measurable subsets Ai, . . . , Am C S and a 
sequence of natural numbers fci, . . . , km satisfying fci + • • • + fc,„ = n. 

For a subset A C S we define the map tta-&-^& by 7ryi(s) = s(A n •). We 
say a function / : 6 — J>M is local if / is f7[7r^] -measurable for some compact set 
A C S. We say / is smooth if / is smooth, where /((si)) is the permutation 
invariant function in (s^) such that /(s) = /((sj)) for s — J2i ^s,- 

Let Do be the set of all local, smooth functions on &. For /, g G 2?o we set 
]D)[/,g]:6^Rby 

ID'[/>3](s)-^E(^^-/'^«'5)e- (2.3) 

Here V^, = (g^, . . . , g^) and = (sa, • • • , s^d) e 5" and s = ^s, ■ More- 
over, ( , is the standard inner product of R"*. For given / and g in 2?o, it is 
easy to see that the right hand side depends only on s. So g] is well defined. 
Let i^(/i) = L^{&,ii). We consider the bilinear form (f^,2?o) defined by 

f^(/,.g)= / m,9W, (2.4) 

2?^^ = {/ e Po n f < oo}. (2.5) 

We now assume 

(M.LO) (f^,!)^) is closable on L^{n). 

(M.2) The n-correlation function p" of /i is locally bounded for all n. 
We collect some known results. 

Lemma 2.1 ([H]). Assume (M.l.O) awd (M.2). Let (£^,2?^) &e t/ie doswre o/ 
(f^,X'o) on L^(/i). T/ien we /lave the following. 

(1) (f ^, P^, L^(/i)) is a quasi-regular Dirichlet space. 

(2) There exists a diffusion P'' = ({Ps}sge,X) associated with (f ^, 2?^, i^(/i)). 

(3) T/ie diffusion P'^ is reversible with respect to fi. 

Proof. (1) follows from [Ml Theorem 1]. In [14j Theorem 1] we assume S = M''; 
the generalization to the present case is easy. (2) follows from (1) and the 
general theory of Dirichlet forms [H] . (3) is clear because P'^ has an invariant 
probability measure /i and the Dirichlet form ,T>^) is /^-symmetric. □ 

Let Cap'' denote the capacity associated with the Dirichlet space (f , P'', L'^{p)). 
We refer to [U 64 p.] for the definition of the capacity. We remark that the 
diffusion P'^ in Lemma l2.1l (2) is unique up to quasi everywhere (q.e.). Namely, 
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if = ({PsIsggjX) is another diffusion associated with (f ^, I?^, then 
there exists a set 6 such that Cap'' ((5'^) = and that Pj P^ for ah s £ 6. 
We assume: 

(M.3) Cap''(6,=,„g,J = 0. 

Here ©single = {s G © ; < 1 for ah x £ S, s{x) for some x £ S}. 

Lemma 2.2. Assume (M.1.0), (M.2), and (M.3). Then there exists a subset 
©sins ic such that 

©single ^ ©single^ (^•^) 

Cap''(©:i„giJ=0, (2.7) 
P^'(Xt e ©single for all t) = 1 for all s £ ©single- (2.8) 

Proof. By (M.3) and the general theory of Dirichlet forms we have 

P^(Xf £ ©single for all t) = 1 for q.c. s £ ©single- 



Hence by taking a suitable version of P'' we get a subset ©single satisfying (j2.6p . 
(lO) . and (EUl). □ 

We now introduce Dirichlet forms describing /c-labeled dynamics. For this 
we recall the definition of Palm measures. Let x — {xi, . . . ,Xk) £ S'^. We set 

k 

fJ-x = m(- - X! '^^i I > 1 for i = 1, . . . , k). (2.9) 

i=l 

Let i^*^ be the measure defined by 

^ HxP^{x)dx. (2.10) 

Here p'^ : M+ is the fc-correlation function of p as before, and dx = 

dxi ■ ■ ■ dxk is the Lebesgue measure on S''. We set 1^ = 1/^ when k = 1. 
Let 2?J = C^(S''=) (g)2:»o. For f,g£Vl let ^=[7,5] be such that 

1 

V^-[/,g](a;,s) = - ^(V, J(x, s), V,.5(a^, s))r- (2-11) 

1=1 

where V^, = (g^, . . . , g|^) and a; = (xi, . . . , 2:^) £ S"^'. We set by 

D'=[/,g](x,s) = V^-[/,5](x,s) + D[/(x,-),5(2:,-)](s)- (2-12) 

Let L'^{v^) = L2(5'=x ©,;/'=). We set (£''",2?^") by replacing D, ^l and X>o 
in (|2.4p and (j2.5p with D*^, t/'^ and Pq, respectively. For fc G N we consider the 
assumption analogous to (M.1.0). 

{M.l.k) {£''\vf) is closable on L'^{iy''). 
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Lemma 2.3. Assume (M.1.0), (M.l.fc), and (M.2). Let {£" be the clo- 

sure of {S^^V^' ) onL^{v^). Then{£'' ^V ) is a quasi-regular Dirichlet form 
on Li^lv^). 

By Lemma [2.31 there exists a diffusion = ({P^'^, j,)}(a;,s)gs*xSi ■^^) asso- 
ciated with the Dirichlet space {S^^V', Here we set = {X, X) £ 
C{[0, oo); S'' x6). By construction {x,s) = Xq = {Xo,Xo) P^^^j-a.s.. 

Let k:S''x&-^G be such that k{x,s) = X]j=i ^xj+s, wherex = (a:i, . . . ,Xk)- 
By the correspondence k{{X,X)) = ^x^ + regard k as the map 

from C([0, cx)); 5*^ X 6) to C([0, oo);6). We also denote by k. the map k : 
5°° U J2kLi ^'^ ~^ ® ^^^^ ^{{^i)) = J2i^xi, and regard k as the map 

from C([0, oo); S"^ U Y.T=i '5'') to C([0, oo); 6). For simplicity we denote these 
maps by the same symbol k. 

Let J : ©single — > S°° U X^fc^i be a measurable map such that k o j is the 
identity map. We call this map a label map. Indeed, this map means labeling 
all the particles. We remark that plural maps satisfy the condition as above. 
So we choose any j of such maps in the sequel. 

Once we fix a label map j, we can naturally extend the label map j to the 
map from C([0, oo); ©single) to C([0, oo); 5*°° U J2T=i ^'')- Indeed, for a path 
X ^ {Xt} G C([0,oo); ©single), there exists a unique {{XI)} e C([0, oo); S'"" U 
E^i S'') such that (X^) = j(Xo) and that '£^ ^xi = for all t e [0, oo). We 
write this map by the same symbol j. 

Theorem 2.4. Assume (M.1.0), (M.l.fc), (M.2), and (M.3). Assume 

{ sup \Xl\ < oo for all u,i en) ^1 for q.e. s. (2.13) 

0<i<M 

Here we initially label the process X as Xq = X^i^o ■ '^"'^ J maps 

given before Theorem \2.4\ Let ©single be as in Lemma \2.S[ Then there exists a 
set © satisfying 

© C ©single, (2.14) 

Cap^(©")=0, (2.15) 

P^{Xt e © for all t) = 1 for all s G ©, (2.16) 

and for all k CzN 

K'^ = ° J^' V all G j{&) (2.17) 

= P^^'^^ o for all see. (2.18) 

Remark 2.1. (1) Since j is any measurable map satisfying koj = id., we see by 
!^nm that = P^' o for all s'^ G k-\5). 

(2) Let Cap"^ denote the capacity associated with (f^ ,2?'' ,L'^{i''')). Then by 
(|2.15p and Lemma 14.11 we deduce 

Cap'^'°(K^i(©)") =0. (2.19) 
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We recall that P'' is conservative as a diffusion on © equipped with the vague 
topology. However, each of the tagged particles may explode under the usual 
metric on M'*. So (j2.13p does not hold in general. Next we prepare a sufficient 
condition for (|2.13p . 

Theorem 2.5. Assume (M.1.0), (M.1.1), (M.2), and (M.3). Assume there 
exists T > such that for each R > 

liminf{ / p\x)dx} • £{ \ ) = 0, (2.20) 

where i{x) = {2tt)-^/'^ e~'=^/'^dx. Then we obtain (^1^ . 
Remark 2.2. (I2.20p is satisfied if there exists a positive constant C2.1 such that 

suppi(a;)e"12ll"l <oo. (2.21) 

We next proceed to the environment process. So we assume S — W^. Let 
■da '■ & ^ & denote the translation defined by ^ai'^i^xi) = "^i^xi-a- We 
assume: 

(M.4) ^ is translation invariant, that is, ^ o -d'^ = fi for all a e M''. 

By (M.4) we can and do choose the version in such a way that /i^ = /^o ° ^ 
for all a; e R'*. Here fix is the conditional probability given by (j2.9|) with x G M''. 
Let V, = (^, . . . , g^). Let D:Vo^{V^Y such that 

15/(5) = V J} for see (/is same as (ESI)). (2.22) 

i 

Note that D is the generator of the group of the unitary operators on L^{fJ,) 
generated by the translation {"da}- Let V = ("^j ■ • • i gf^) be the nabla on W^. 
Let (D-V):Vl^{Vl)'^ be such that 

iD~V)f{x,s)^{Df{x,-)}{s)-{Vf{;s)}{x) for(a;,s)e6i (2.23) 

We set 

B^[/,5] = ^{Df,Dg)^.+D[f,g] for f,g G Vo (2.24) 
g] = i((i?-V)/,(Z?-V)g)R. +D[/,g] for /,.g e Pj. 
Here for f,geVl we set D[f,g]{x,s) = D[/(x, 0,5(2;, O^s). Let 

f^(/,g)= / IO^[/,g]dMo (2.25) 
S''''{f,g)^ [ ©^^[/,g]dxdMo. (2.26) 
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Let i^(^o) — L^{&,fJ-a) and L^{dxx^o) (R'^ x & , dx x fia) ■ Let 

T^o = {g e 2?o n L^^Io) ; ^^''(.g,,?) < oo} (2.27) 

V^^ = {he VlnL^idxx^o) ; £^^{h,h) < oo}. (2.28) 

Theorem 2.6. Assume (M.1.0), (M.1.1), (M.2), (M.3), and (M.4). Then 

(1) T/ie /orm (f ^, T>^) is closable on L^(/io)- There exists a diffusion associ- 
ated with its closure ,V^) onL^{no). Moreover, ,T>^) is a quasi-regular 
Dirichlet form on L'^{iiq). 

(2) The form {£^^ ,V^^) is closable on L'^^dxx^o). There exists a diffu- 
sion associated with its closure {£^^ ,T>^^) on L^{dxXfio). Moreover, 
{£^^ ,T>^^) is a quasi-regular Dirichlet form on L^{dxXfiQ). 

Remark 2.3. Fattier and Grothaus [3] prove the quasi-regularity of {£^ ,T>^ , L'^{^q)) 
and {£^^ ,T>^^ , L^{dxx^Q)) for grand canonical Gibbs measures /i with trans- 
lation invariant interaction potentials which are differentiable outside the origin. 
Their method is different from ours. 

By dm) we can write X G C([0, oo); 6) as 

i 

where X* G C{Ii; W^) and li is the maximal interval in [0, oo) of the form [0, b) 
or (a, 6) satisfying the representation (I2.29p . Write 5{x) = s({a;}) and let 

6^ = {s e 6 ; s{x) = 1}. (2.30) 

If Xo = s G &x, then there exists an i{x,s) such that X^^''^'' = x and such 
R'^-valued path X*'^'^'*^ = {Xl^^'^^} is unique. For each s G &x we regard 
^j^j(a:,s) pM^ as the tagged particle starting at x. Let 2}"^ be the process defined 

by 

2)^ under P^ for s G &x- (2.31) 

The process 2)^ describes the environment seen from the tagged particle X'^''^'^\ 
Let V^^ be the diffusion associated with {£^^ ,V^^ , L'^{dx x fj.o)). The 
following clarifies the relations among the diffusions P^, P^^ and P^. 

Theorem 2.7. Assume (M.1.0), (M.1.1), (M.2), (M.3), and (MA). Let 
and be as above. Let — {X,X) G C([0, oo); R'' x (3). Then (a version of) 
satisfies for each x G M'' 

P^iX^^''''^ e-)= Pf,^^^(,_,^))(X G •) for all s G 6., (2.32) 
P.^(2}" G •) = PfJ^^^i.-5.))iX G •) = Pli.-s.) for all s G 6,. (2.33) 
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Remark 2.4. The total system of interacting Brownian motions is a priori given 
by the diffusion P*^. The diffusion associated with (f^, 2?^, i^(^o)) de- 
scribes the motion of the environment seen from the tagged particle, and the 
diffusion associated with {£^^ ,1)^^ ,L'^{dxxiJ,o)) corresponds to the mo- 
tion of the coupling of the tagged particle and the environment seen from the 
tagged particle. Theorem 12.61 and Theorem 12.71 were used for the proof of the 
diffusive scaling limit of tagged particles of such translation invariant interacting 
Brownian motions in |15) . 

Example 2.1. (1) Let /i be a canonical Gibbs measure with upper semicontin- 
uous potentials. Assume the interaction potentials are super stable and regular 
in the sense of Ruelle. We refer to the reader [3T]. Then /x satisfies (M.l.k) for 
all k and (M.2). (M.3) is satisfies if d > 2 or the interaction potential has repul- 
sive enough. See [5] for the necessary and sufficient condition for this when the 
number of particles are finite. Since the Dirichlet forms of the infinite particle 
systems are decreasing limits of the finite particle systems UM , Inukai's result 
gives a sharp sufficient condition of (M.3). 

(2) Let fj, be the Dyson's model in infinite dimension. This is a translation 
invariant probability measure on the one dimensional configuration space. Its 
correlation functions are given by the determinant of the sine kernel and re- 
lated to the random matrices called GUE (see [53], [IS])- This measure satisfies 
(M.1)-(M.4). Here (M.l) is the assumption that means (M.l.fc) hold for ah 
fc = 0, 1, We refer to JSj and iXL proof of (M.l) and (M.2), respec- 
tively. 

(3) Let fi be the Ginibre random point field. This is a translation invariant 
probability measure on the two dimensional configuration space. Its correlation 
functions are given by the determinant of the exponential kernel and related to 
the random matrices called Ginibre Ensemble (see [23]). This measure satisfies 
(M.1)-(M.4). (see [Il],[n]). 

(4) In [TS] we introduce the notion of quasi Gibbs measures. This class contains 
all above examples. Measures in this class satisfies (M.l). 



3 Transfer of Dirichlet spaces. 

This section is devoted to the preparation of the proof of Theorem 12.41 We 
begin by considering the relation /i and ly'' under the map k : S'''' x 6 — > 6 defined 
before Theorem 12.41 Since these measures /i and ly^ are not directly related by 
the map k : S'''' x 6 — > 6, we consider the finite volume cut off of these measures 
instead. 

Let Sr = {x e S ; \x\ < r} and &r,m — {s e 6 ; s{Sr) — m}. We define the 
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meaures v!^, u^'^ , jjL^, and /^^'^ by 

v'; = jlsMdv^ u!^'^ = jls.{x) le...(5)dz.'= (3.1) 

m=l 

l4 = O K-\ Mr'"^ = ^r'"" ° K"'- (3-2) 

Let toI*^! = m{m — 1) • • • (to — A: + 1). Then it is not difRcult to see that 



N 



= ^ /x(- n /z^'^ = ^ toW /z(- n (3.3) 



m=fc m=k 



Let 35*1. = = r} and 9Sr = {s € ©; s{dSr) > 1}. We remark ©r,m are 
open sets and their boundaries d6r,m are contained in d&r- We define Vo in 
a similar fashion to V^'' by replacing u'^ by /i^. Let 

^^o.^.D = {/ 6 ; /(s) = if s e 5©,}, (3.4) 

D = {/ e ; m = if 5 ^ ^ ©,,„ }, 

JV 
m— 1 

T^Cb = {h€Vf,; hix,s) =0 if a: ^ 5*^ or s e a©r }, (3.5) 

N-l 

= {^^ ^o.t.D ; KX,5) = if S ^ ^ ©.,„ }. 

m— 

Let X^^d) denote the closure of {8^ ^. j^) on L'^{ji)- We define the closures 
(£:^P^f;^), (f'^^P.^^^), (£:'-', <d), and (f'^',<:i^) similarly. 
For an /i G 2?o,r,D "^^ set /igym € 2?o,r,D by 

/isym(x,s) = — ^ /i(a;^(i),...,a;<,(fe), ^ ^^^j,,) ifsG©;""'=. (3.6) 



TO! 

a^Sm i=fe+l 



Here a; = (a;i, . . . , a;^) e S^, 5 = Y.]Lk+i^xj e 6™ and Sm is the set 
consisting of the permutations of (1, ... , m). 

If h = /igym G T^o r D I then one can regard ft, as ft, G ^ j-, , and wc denote it 
by ft". Indeed, ft," is defined by ft°(E^=i Sx, + s) := ft(a:,s) on Em=fe and 
by ftO = if s ^ Xlm^fe ©r- We remark ft°y„ ok: — hsym by construction. 

Let fti and h2 G ©o^p. Assume ft2,sym = h2- Then we have 

/ hih2diy''= [ fti,sym/i2rf2^'= = / /iLym/^W (3-7) 
f {hu h2) = r" (fti,sym, h2) = S^"^ (ft;,,y„, ft^). (3.8) 
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Let us take hi = h and /12 ~ /isym in P-Sp . Then we have 

S (^5 ^sym) — ^ (^syin ; ^sym) — (^sym ' ^sym) " (^■^) 

Applying Schwarz's inequahty to the first equahty of p.9p yields 

Hence we can define /isym not only for h £ V'^''^ q but also for h G ^ as the 
limit of the {£1 -norm. Moreover, by p.7p and p.9p we have 

= (3.10) 

Similarly as p. 101) we have 

{hl^;h€V'f/}^V':^^''. (3.11) 
Since ^(•) < /^^(O ^ -^A^(0 on X]m=i ©r.m by p.3p . we obtain 

2^^:d (3-12) 

4 Identities among /c-labeled diffusions. 

In this section we assume (M.1.0), (M.l.fc), (M.2) and (M.3). The purpose of 
this section is to prove the identity between the diffusions associated with the 
Dirichlet spaces L'^{fi)) and {S^^v", L'^^v'')) introduced in Section H 

This identity is a key to the proof of Theorem 12.61 

Lemma 4.1. Let 21 C S''x& be such that k-^{k{^)) = 2t. Then Cap''(K(2l)) = 
implies Cap"^ (21) = 0. Here we regard k as k: S x & . 

Proof. Without loss of the generality we can and do assume 2t C iX& and 
2tn {S^xd&r) ~ for some r e N. Since the capacity of a set B is given by the 
infimum of the capacity of the open sets including B, we can assume without 
loss of generality that k(21) is an open set. Then 21 becomes an open set. So by 
definition we have 

Cap^(K(2l)) = inf{ff (/, /); / G 2?^ / > 1 fi-a.e. on Ac(2t)}, (4.1) 
Cap"' (21) = mi{£f{g,g);ge , g>l i/'^-a.e. on 2t}. (4.2) 

Here (/, /) = £^if, /) + (/, f)L^{i_i) as usual and we set £1'° similarly. 
Since 21 c x 6 and 21 n (5^= x 96^) = 0, we deduce that 

Cap^(K(2l)) = inf{£f (/, /); / e P^,, / > 1 /^-a.e. on k{^)}. (4.3) 

If / e I'orD' then f o K e V\ Combining this with and the 

assumption Cap'^(K(2l)) — completes the proof. □ 
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We consider parts of P'' and P'^ . We refer to [1] for the definition of a part 
of Dirichlet space and related results. 



Let dSr = {| 


a;| = r} and dGr {s G 6; s{dSr) > 1} 


as before. 


Let 




a°(X) = 


= inf{i > 0;Xt e dGr} 






(4.4) 




N 

: inf{i > 0;Xt e d&r or Xt ^ ©r.m} 

m—l 






(4.5) 




- inf {i > 0; ^ S*^' or X* £ 96 J 


N-k 

V 6 




(4.6) 




= inf {i > 0; 5^*^ or X* e 96^ or Xt ^ 




(4.7) 



m=0 



where X G C([0,oo);6) and X^ = (X,X) £ C([0, oo); 5''= x 6). 

Let X'^'^ = {XfAo-o} and define X'^''", X^'"''-, and X^'"^'-" in a similar fash- 
ion. Let P^^""- = ({P^}s6e,3e'""). Set P'^'<", P''^'^', and P'^'°''"'.« similarly. 
Then P^'^'^r, pA'.'^",™^ P''^'^', and P'""''^-." are diffusions associated with the 
Dirichlet spaces (f P^^- ^'(m)), (^'', ^^^^^d , ^'(m)), (^^"' , ^^'d- ^'l'^''))- and 
(£''',P"_'ij^,i2(i.fc)), respectively. Let P^'"° = P^(X"" £ •)■ We set P^'"°", 
P^^ ' and P^^ " similarly. We note that these are the distributions of P^^'"'° , 
p/^.<«^ P'^"''^', and P-^''^"^ respectively. Let Cap^''"- and Cap'"'""." be the 
capacities of P'^'"'" and P^'°'>-,n^ respectively. 

Lemma 4.2. Assume (M.1.0), (M.l.fc), (M.2), and (M.3). Then there exists 



2lJ: C 5"^ X 6 such that 

k-\k{^';)) = 21^ K(a^) C 6si„gie, (4.8) 

Cap^^'"" {k{S^ X 6)\K(a^)) ^ 0, (4.9) 

e k(21J?) /or t) = 1 /or a/Z (a;,s) G 21^, (4.10) 

P^(i) = P^f ° '^'^ /o'- e (4.11) 

Proof. If for each G N there exists a set 21^ jy C 5^ x X]m=o 'S'-,™ s^'^h that 

K-l(«;(2t^;^)) = a^^jv, «(a^,jv) C ©single, (4.12) 

Cap''^^" « (At(S;^ X er,m)V{K,N)) = 0, (4.13) 

P5^s)'(^*e'*(2''A')fo^alH) = l foraU (:r,s) G2l^,jv, (4-14) 

Pk£T = Pcif" ° ^) ^ 2t.V, (4.15) 



then 2t^ := lim inf Ar_).oo Slj! satisfies (|4.8p - (l4.11l) . Hence it only remains to 
prove such an 21 ^ exists for each N. 
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Recall that P^'''^'^'.« is the diffusion associated with , vfjf, L'^{v^)). Let 
T,^Q^ be the semigroup associated with P" ^°''-.«. Then for / and g eV'^j^^ 

I rf^'l f ■ gdv' - f / . gd,.'^ + f E^" (rf^l!, g)du = 0. (4.16) 
Js''x& Js''xe Jo 

Now suppose 5sym = 9- Then by p.7p and p.Sp we have 

J& J6 JO 

(4.17) 

Let T^o^ be the semigroup associated with (f^ , P^^^) on L'^{^^). Then by 
([3ll|) and (|4lT| we have 

Let Cap^'"'^'''™ and P^'-'<^,-,]v be the capacity and the diffusion associated with 
the Dirichlet space {£^'r^V'^-^ respectively. Then by together 
with (M.3), we deduce that there exists St^jy C 5*^ x ^^^q 6r,m satisfying 
(HT^ and 

N~k 

Cap^-<"(K(5,^X ^ &r,ra)V{'Al^N)) = (4.19) 

Pk^" ^ '«(2'r,iv) for all t) = 1 for aU (a;, s) e 2l^,jv, (4-20) 

p::i;5"=<^'"°-"' forau(x,5)ea^,^. (4.21) 

Recall that the diffuions P^'"^-" and P^-''^-." in and are as- 

sociated with the Dirichlet spaces ,V'^;^ , L^{fi)) and (f , D^'^^, ^^(^fc)), 
respectively. Note that V^'^ = 2?^^^ by (13.121) . Moreover, these two Dirichlet 
spaces have the common state space X]m=i ®r,m- On each connected component 
{&r,m} of the state space, the measures /i and /ijf are constant multiplication 
of each other. Hence the associated diffusions are the same until they hit the 
boundary. Since these Dirichlet forms enjoy the Dirichlet boundary conditions, 
we see that eventually these two Dirichlet spaces define the same diffusion. This 
combined with (|4?T9)) - (|4?2T|) we obtain (|4?T3)) - (|4?T5)) . respectively. 

We therefore deduce that 21^ {N e N) satisfy (|4.12p - (l4.15l) . which com- 



pletes the proof of Lemma 14.21 □ 
Let r(i) = r if i is odd, and r(i) = r + 1 if i is even. Let for i > 2 

a°(X) = inf{t > Xt e a6^(,)} (4.22) 

aliX') = inf{i > al_^;Xt £ or Xt G 96,(,)}, (4.23) 
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where we set cr" = cr" (a — 0, 1). For X = {J2i ^x}} G ^"([0, oo); 6) satisfying 
S ©single for all i and Xq — J2i , we choose the first /c-particles 

{X,} ^ {{Xl...,X'l)} ^C{%^)-S^) 

such that Xq ^ X ^ {xi, . . . ,Xk) and that Xt = Z]^=i ^x^ + Z]j>fc '^jc^ ■ 
Let = {w ; X^o (w) e S^} and = {w ; X^i (w) g's-^^}. Let 

OO 

r!^ = f|f7^ a^=limaf (a = 0,1). (4.24) 

i=l 

Sinc6 G on f^^, cz iS*;^.!.-!^, Riid 5*^_|_-j^ OS 1 = 0, we deduce that 

Xt(cj)e5*+i for all < t < ct;^(w), for all w G fl^^. (4.25) 

Lemma 4.3. Assume (M.1.0), (M.l.fc), (M.2), and (M.3). Let 21^ 6e as m 
Lemma \4.S\ Then for all (x,s) G 2lJ; t/ie following holds. 

(1) aS.=oo/orP;:(^^^)(. ;17"^)-a.e. c., 

(2) =oo /or P^;^)(. ; l]J,)-a.e. 

Proof. Let 96^ = {s ; s{dSr) > 1} as before. Then by the continuity of the 
sample paths, (|4.22l) and (I4.24p . we deduce 

XffO = lim Xgo G d6r d6r+i on < oo}. (4.26) 
Suppose P;^(^^5)(ctSo < oo ; ^°oo) > 0. Then by we have 

Pk(x..)(^5Sc e n 96,+i ; nl^) > 0. (4.27) 

Hence /g Ps (cra6rnaSr+i < oo)^{ds) > 0, where crae,.naer+i is the first hitting 
time to the set d&r n d&r+i. By the general theory of Dirichlet forms (see [H 
Theorem 4.2.1. (ii)]) it follows from this that 

Cap^(a©r n d6r+i) > 0. (4.28) 

On the other hand, since the n-correlation functions p" of fi are locally 
bounded by (M.2), it is not difficult to see that Cap^(96r n d&r+i) = 0. This 
contradicts (|4.28p . Hence we obtain ^^{'^'^ < oo ;f2j^) = 0, which implies 
(1). The proof of (2) is similar to that of (1). □ 

Let 



V°^(X) = inf{i >0;Xte dS^}, 
T^{X^)^M{t>0;XtedS^}. 



(4.29) 
(4.30) 
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Remark 4.1. The stopping times a^, a} and are the hitting times to the 
subsets of the state spaces. So one can relate the stopped processes to the parts 
of Dirichlet forms. However, r^^ is not a hitting time to any subset in the state 
space &. So one can not relate the associated stopped process to a part of the 
Dirichlet form, which is the reason we prepare Lemma 14.21 before Lemma 14.41 

Lemma 4.4. Assume (M.1.0), (M.l.fc), (M.2), and (M.3). Let 21^ be as in 
Lemma \4.S\ Then 

Let X = hm^^oo x '^"■'^ '''oo — bnir^oo ■ Then 

pt^y<L . ^ pf'^^ o for all (x,5) e liminf (4.32) 

Proof. Suppose uj £ 17^. Then by (|4.25l) and Lemma 1131 we have X] e 5^"_^jX6 
for all < i < oo. In particular, Xt £ 'S'^+i for all < t < oo. Hence by 
using Lemma 14.21 with r and r + 1 combined with the strong Markov property 
repeatedly, we obtain for all (x,s) G 21^ fl ^^+1 

K^J ■■,^lo)= P(I:;/ n-^ for all ^. (4.33) 

Hence by Lemma 14.31 we have 

Pi:(x,.)( • ;^^So) = P(L)( • forall(a;,s)e2l^n2t:!+i. (4.34) 

Next suppose w ^ ^]^. Then there exists an i such that Xg.i ^ S*^' and 
6 S*^ for all j < i- Let $7^^^ denote the collection of such w : 

nl = {c.; X^i(c.) ^ 5^ X^i(c.) G (Vj- < z)}. 
By Lemma 14.21 and the strong Markov property we have 

Pk£)( • ; ^l) = ( • ' ° f""^ (^'^) ^ ^ ^"+1- (4-35) 

By construction r^^^ < (a = 0, 1). Hence (|4.35p implies 

PJSV • 5 = Pit"( • ' ° ^ ^ ^"+1- (4-36) 

We now see that n"- ^n'^ + J^Zi ^« (« = 0, 1). Hence (|i3T]) follows from 
(|434)) and (|436t . (|432| follows from (|43T|) immediately. □ 

Ptoo/ o/ Theorem\K^ Let (3 = rifceNfliminf^^oo 2t^}. Then by (g^ we 
have (|2.15p . Moreover, by (I2.13P we deduce that .j. = oo for P^-a.s. for all 
s G 6 such that s{x) = 1. Hence by (14.321) of Lemma we obtain (j2.17p and 
(I2IH1). □ 
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5 Tagged particle processes 

In this section we prove Theorem 12.61 and Theorem 12. 71 So we take S — Mf^ and 
k — 1. We set v — v . Let l be the transformation on W^x 6 defined by 

= (x,i?,(s)). (5.1) 

Then by (M.4) we deduce that 

V o = dxx fiQ. (5-2) 

We regard t as the transformation on C([0, (3), denoted by the same 

symbol t, by t(X^) = {l{X\)}. 

Lemma 5.1. Assume (M.1.0), (M.1.1), (M.2)-(M.4). Then we have the fol- 
lowing. 

(1) The bilinear form [8^^ ,T>^^) is closable on L"^ [dx x jit^) . 

(2) Let {£^^,V^^) be the closure of{£^^,V^^) on L^{dxx^io). Let 

pf.!'.) = pr-(.,.)°^"'- (5-3) 

Then = ({P^^)}(x.5)eR''xei ■^^) diffusion associated with the Dirichlet 
space {£^^,V^^,L^{dxxno))- 

(3) The Dirichlet space {£^^ ,T>^^ , L^ [dx x ^{ff) is quasi-regular. 
Proof. By (15. 2p we have 

(/ot,got)i2(^,) = {f,g)L^(dxxi,o)- (5-4) 

We next calculate the transformation of under the change of coordinate 
induced by l. By a straightforward calculation we see that 

lB'[foi,goL]^{B^''[f,g])oi for/,gepi. (5.5) 

By (15. 2p and (|5.5I) we obtain the isometry of the bilinear forms {£'^,T>'^) and 
(f^^jP^^) under the transformation induced by t. Indeed, the map i* iP^^ — > 
defined by t*(/) = / o t is bijective and 

f^(/o.,goO=f^^(/,5). (5.6) 

By (inUl) and ((CT the closability of (£-^^,2?^^) on L'^{dxxfj,o) follows from 
that of {£'^,V'^) on L'^{v), which is given by (M.1.1). We have thus proved (1). 

Since l is the transformation on M'^ x ©, it is clear that is a diffusion 

with state space R''x6. Recall that P^^^ = ^".-i,^^ o and that is the 
diffusion associated with (f , 2?'', L^{v)). By (|5.4p and (|5.6p the Dirichlet spaces 
{£'^ ,L'^{v)) and {£-^^ ,T>-^^ , L^ [dx x ^q)) are isometric. Hence we conclude 
{P^^)} associated with the Dirichlet space {£'^^ ,V^^ , L'^ (dx x fio)) ■ 

By the theorem due to Albeverio-Ma-R6ckner (see [TJ] Theorem 5.1]), the 
quasi-regularity of the Dirichlet space follows from the existence of the associ- 
ated diffusion. Hence (3) follows from (2) immediately. □ 
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Lemma 5.2. Let Cap^^ be the capacity associated with the Dirichlet space 
{£^^ ,1)^^ , L"^ [dxx ^[))) . LetP-^^ be the associated diffusion as in Lemma \5.1\ 
Then there exists a subset S C x & such that 

Pf.!'.)(^e-)=Pf/.)(Xe-) /oran(a;,s), (y,s)GS, (5.7) 
Cap^^(S^)=0. (5.8) 

Here we set — {X, X) G C([0, oo); S'x 6) as before. 
Proof. It is clear that for each a G M'^ 

(/(• " a, *), g{- - a, *))L^{dxxtj.o) = if, 9)L^{dxxt^o) 
f ''''(/(•-«,*), 5(- - a, *))=f .9). 

Hence we see that the equality in (|5.7p holds for a.e. {x,s), {y,5) eR'^xQ. 

We next strength the equahty in (j5.7p from a.e. to all on S for some S 
satisfying Cap^^(S'=) = 0. 

For each Borel set 21 of the form 2t = {Xfj £ Ai, . . . ,Xti £ A.;}, where 
Aj e ^(6) (j = l,...,j), we see that P^^)(-X^ G 21) is quasi-continuous in 
{x,s). Hence there exists a subset S C K'' x 6 such that Cap'^^(S^) = and 
that S = Ui^j^/^n for some increasing sequence of closed set and, moreover, the 
restriction of P^^)(^ G A) on A'n is continuous in (a;,s) for all n. This means, 
with a help of the monotone class theorem, (j5.7p holds for S as above. □ 



Lemma 5.3. Assume (M.1.0), (M.1.1), (M.2)-(M.4). Then we have the fol- 
lowing. 

(1) The bilinear form ^Vj) is closable on L^(/xo). 

(2) LefB be as in Lemma \5.SX Let {P^jsgg be the family of probability measures 
on C([0, oo)\ ©) defined by 

= P(^^)(^ G •) if (a;,s) G S /or some x G R'^ , 

P^(Xt — S /or aZ/ i) = 1 otherwise. 

Then = ({P^}sgg,X) is a diffusion. 

Proof Let if G C^(R'^) and f e Vl\ Then 

II</'«'/IIl2(<J:exmo) = ll'PllL2(dx)ll/llL2(^„), (5.9) 

£^^(^®/,^®/) = ||^||i.(,,)f^(/,/) + l||V^||i.(,,)||/||i.(^„). (5.10) 
Indeed, (j5.9p is a straightforward calculation. As for (|5.10p we see 

B^^[^ ® /, ® /] ® /] + - (^V^, /W)m- (5.11) 
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Then integrating over M.'^x& hy dxx fio and noticing 



{•^'^'P,fDf)KddxXfio = ( / ipVtpdx, / fDfdfio)^^ = 0, 

R<ix6 JR'' Je 

we obtain (|5.10p . 

By dnH) and ((5TII| the closabihty of {8^ ,Vl) on ^^(//o) follows from the one 
of (£^'''"^,1?^^) on L^{dxx^o), which has been already obtained in Lemma [STTI 
(1). We thus prove (1). 

We next prove (2). By (|5T7)) we see that for any A e B{C{[0, oo); &)) 

P^-^e^) =P(^^)((^,-^) eC([0,oo);M'^)xA) for all (a;,s) e S. (5.12) 
We remark is a diffusion on R*^ x (5 and S'^ is an exceptional set, that is, 



P?.^x((thc < oo) = for q.e. {x,s) because of Cap '^^(^^) = 0. Hence we deduce 



from (|5.12p that P^ is a diffusion with state space 6. □ 

Lemma 5.4. Let (£^,2?^) he the closure o/(f^,2?^) on L'^{ij,o). 

(1) The diffusion P^ in Lemma \5.3\ is associated with (f^,2?^) on L^(/io). 

(2) The Dirichlet form {£^,V^) on ^^(^o) is quasi- regular. 

Proof. Let denote the expectation with respect to P^. Let {T^} be the 
semigroup defined by f = E^[/(Xf)]. Let {T^^} be the semigroup associ- 
ated with the Dirichlet space {£^^ ,1)^^ , L^{dxx fi^)). Then we deduce that 

1 ® (T^f) = T,-^^(l ® /). (5.13) 

Let p{x) = c [g^ l + |a;|^('^+'*))^^/^ such that / p'^dx = 1, where C5.1 is the 
normalizing constant. Let L'^{p) = L^(M'^ x 6, p^dx x /io) and 

£pJif,9)^£''''if,p'9) + KL9)LHp)- (5.14) 

Then there exists Aq such that {£^x ' ) is positive and closable on [p) for 
all A > Ao (see [15, Lemma 2.1] for proof). We fix such a A and denote by {T^^ 
the semigroup associated with the closure {£^^ ,T>^^) of {£^^ ,Vl) on L'^{p). 
It is known that (see [151 234 p]) 

Tr{l®f)^e^%\lr^f). (5.15) 

By a direct calculation we see that 

Spla ® /, 1 ® /) = S^^if, f) + A(/, f)m^o). (5.16) 

Let be the domain of the Dirichlet space associated with {T^} on i^(/io). 
By ((5l^ and ((5l^ we obtain f e it and only if 1 ® / e Vf^. By ([5J6)) 
we see that 1 ® / £ T^f^ if and only if / G T>^ . Collecting these we obtain that 
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Let ip G C^(R'^) be such that / ipp'^dx ^ 0. Then we have for any f,g eV^ 

POO 

hm / e-"*{l ® / " ^.-^''(l «> V ® 5 )l^(p) (5-17) 



By using (|5.13p and (|5.17l) and then by dividing the both sides by J^^ ipp'^dx, 
we obtain 

poo 

lima^i e-'^'{f~T^f}dt,g)L2^^„-,^£''{f,9). (5.18) 

This impUes {T^} is the semigroup associated with the Dirichlet form (f ^, 2?^) 
on L'^{fio) (see Lemma 1.3.4 in 4 ). So we conclude is associated with 
(f^,P^) on L^i^^o). 

(2) is immediate from (1) similarly as Lemma |5. II □ 

Proof of Theorem \2.6\ (1) follows from Lemma [531 and Lemma [5^ (2) follows 
from Lemma l5. II □ 
Proof of Theorem ((232)) follows from Theorem [23] and Lemma \5A\ (2). 

(|2.33p follows from Theorem 12.41 Lemma [5. II and Lemma [531 immediately. □ 



6 Non-explosion of tagged particles. 

Throughout this section we set Vr = i^r ^^'^ Pr — In this section we prove 
Theorem 12.51 By (I4.32p in Lemma 14.41 the non-explosion property of tagged 
particles follows from the conservativeness of the diffusion P'^. Then we apply 
a result in j4j to prove this as follows. 

Lemma 6.1. Assume (M.1.0), (M.1.1), (M.2), and (M.3). Assume (g^. 
Then P" is conservative. 

Proof. Applying Theorem 5.7.2 in T to the diffusion P'^ yields Lemma WA\ □ 

We next prepare several notations used in the rest of this section. 

Let X e C([0,oo);esi„gic). We write X = {J2^Sxl} and set X' e C{If,R'^). 
We take li to be the maximal interval. By construction we deduce that li is 
of the form [0,6;) or {ai,bi). Let I — {i;Ii — [0,bi)} and J = {i;Ii = {ai,bi)}. 

Then X = E.ei ^xi + E^eJ ^xi + ■ 

We relabel as = ^x^}^ where x G 5 is such that Xq — x. Let 

r(X) = inf{i > ; sup \X^, \ = oo}, (6.1) 

0<s<t 

Cr(X) = inf{t > 0; minr(X) < t} (reNU{oo}), (6.2) 

\x\ <r 

21^ = {s e 6 ; P^(C^ < oo) > 0}. (6.3) 
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For a path — (X, X) we define the stopping time ij by 

Tj{X^) =mi{t> 0; sup \Xs\^oo}. (6.4) 

0<s<t 

Lemma 6.2. Suppose /^^g P^^ ^^(77 < oo)dvr — 0. T/ien ^(21^) = 0. 
Proof. Let be as in p.2p . For m > 1 let ce.i be a constant such that 

M(- n 6r,m) < <WW'r{- H 6r,m)- 



Then we see that 




= 10/ <oo)i.,(da;ds) 

= 10 / slC*? < oo)vr{dxds) by (g^S). 

Hence we have Jg P5 (^r < oo)fi{ds) = for all m > 1 by assumption. This 
equality also holds for m = because Psi^r < 00) = for s G ©J!. Hence by 
® = Z]m=o ^J-.'" '^'^ deduce 

/ P^(^, < cx^)^i{ds) = 0. (6.6) 

By (inSl) and dH]) obtain ^(21^) ==0. □ 
Lemma 6.3. Suppose ^(21^) = 0. Then Cap^(2lr) = 0. 

Proof. It is known that Cap'^(2lr) = sup{Cap''(iir); iiT C 21^, K is compact } 
(see [H (2.1.6) in 66 p]). So let if be a compact set such that K c 21^. 

Let a-K = ini{t > 0;Xf S K} be the first hitting time to K. Since K is 
compact, we deduce Xa-^ G -fC if (Tk < 00. 

Suppose s^^r- Then P^(^r < 00) = by (gS]). Hence for 5^21^ 

= P^(er < 00; ax < < 00) = / P^(X,^, G ds'; <JK < oo)P^,(e. < w). 
This combined with (16. 3p and iiT C 21^ yields 

P^(X<,^ GiC;(7K<oo) = 0fors^2fr. (6.7) 
Since P^(Xo-^ ^ K;<7k < 00) = P5 (fTx < 00), we deduce from (|6.7p that 

P^(cri^ < cx)) = for 21^. (6.8) 

By (|6.8I) and /x(2lr) = we have /g P^ (o-^ < oo)dfi = 0. From this we deduce 
Cap''(ii') = 0. We therefore obtain Cap''(2lr) = 0. □ 
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Proof of Theorem \2.5\ By Lemma [6.11 we see that is conservative. Hence 
S Sxe^l'x a)^^ ^ oo)di>r — 0. Then by Lemma 16.21 and Lemma 16.31 we obtain 
Cap''(aJ) = for all r e N, which yields Capf'i^oo) = 0. Here 

2too = {s;P^(eoc<^)>0}. 

By Cap^(2loo) = together with dHU]) and ([1^ we deduce ^A^. □ 

7 Quasi-regularity: Proof of Lemma 12.3 

In this section we prove the quasi-regularity of fc-labeled Dirichlet forms. So we 
begin by recalling the definition of quasi- regular by following [T2] . 

Let be a Polish space. A Dirichlet form {£, V) on L'^{E, m) is called quasi- 
regular if it satisfies the following: 

(Q.l) There exists an increasing sequence of compact sets {Kn} such that 

1 /2 

\JnT>{Kn) is dense in T> w.r.t. -norm. Here T>{Kn) is the set of the elements 
/ of P such that fix) = a.e. x € K^, and f^'C/) = SifJ^^^ + \\f\\mE,m)- 
(Q.2) There exists a f^^-dense subset of V whose elements have £-quasi con- 
tinuous m- version. 

(Q.3) There exist a countable set {u„}„gN having £-quasi continuous m-version 
Un, and an exceptional set Af such that {un}neN separates the points of E\J\f. 

Let {£f, be the closure of {£f, V^) as before. By (M.2), {£f, satisfies 
the quasi-regularity as seen in Lemma l^TTl We remark that {£^, V^) enjoys more 
strict conditions than the quasi-regularity. Indeed, we quote: 

Lemma 7.1 ([II]). Assume (M.2). Then we have the following. 

(1) There exists a compact subset {Kn}neN such that U„I?o(-?^ri) is {£1}^^'^- 
dense m Vi . Here X'o(if„) = {/ G ; /(s) = for all 5 e K^} 

(2) There exists countable elements {un}neii of T>o that separate the points of 
&. 

(3) If {£^ ,T>o) is closable L^(/i), then the closure (£'^,2?^) is quasi-regular. 

Remark 7.1. (1) We remark Do(i^„) C V^. Indeed, ^f,g] with /,g e Vo(Kn) 
is bounded because D[/, g] is continuous and Kn is compact. 
(2) Suppose {£^,T>o) is closable L?{tf). Then we see that (1) implies (Q.l). 
Since Vo{Kn) C C(6), (1) is more strict than (Q.l). Moreover, (Q.2) is trivially 
satisfied in the above case because is the closure of T>o and Vo C C(6). 
We see that (2) implies (Q.3) because Vo C V^. The condition (2) is also more 
strict than (Q.3) in the sense that all {m„} are continuous and {w„} separate 
all the points of &. 

Lemma 7.2. There exists an increasing sequence of compact sets {Kr^n} such 

k I ^ / 

that W^^iVoiKr^n) is dense in Vo with respect to the {£i}^'^-norm. 
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Proof. By (M.2) /ij becomes a finite measure. So the associated Dirichlet space 
is same as the Dirichlet space with the probability measure (/xj;(6))~^/i^. We 
note here the measures in the energy form f >■ and in the L^-space are common. 
Applying Lemma mi to the measure (/xj;(6))~^^^ yields Lemma □ 

Recah that P^' = C^(5'=) ® Vo and vf ^{f eV^; sf (/, /) < oo}. 

Lemma 7.3. Li^^^iC§° {S'^) Po(-ft^r,n) is dense in T)'^'' with respect to the 
{Si'' Y^'^ -norm. 

Proof. Let ip £ C^{S'') and / £ 2?o such that ip ® f e vf . It is sufficient for 
Lemma [7.31 to show that for such an / and all £ > there exists /r,n such that 
fr,n G 2?o(-fi'r,n) and that 

£f {^®{f- fr.n), V®{f~ < e. (7.1) 

Since (p £ (7^(5*^), there exists an r such that ip — on {S^y. Hence there 
exists a constant cy.i = ' ]7.i| (y) such that 

V[ip,ip]{x) < q7j]l5fc(x), (p'^jx) < ([7^gfc(a;) for aU x G S**". (7.2) 

We write V[i^] = V[(y5, 1^9] and = !])[/, /]. By a direct calculation we have 

£1" (<^ ® (/ - /r.,„), ® (,/ - fr.n)) (7.3) 
- / {V[^] ® 1/ - /,,„P+ (^2^ +(^2^ 

Js''xe 

< ( l®{\f- fr,n? + ©[/ - frA}dyr 

= 2C[7J]^{I/ - Ani' + ©[/ - by ^ 

= ^TTTtfl " (/ ~ fr,n, f - fr.n)- 

By Lemma 17.21 we can take n and fr.n £ T^oiK^.n) in such a way that 

£1'' if - fr.n, f - fr,n) < £/'^<Wl\ 

This combined with (fO)) yields (UH). □ 

Proof of Lemma lKR (Q-l) follows from Lemma [7.31 (Q.2) is clear since 
is the closure of vf and 2?^' C C{S'' x 6). 

For r 6 N let {ur,n} be a countable subset of Vo that separates the points 
of 6. We can obtain this by applying Lemma mi (2) to /ijf. We used here that 
(M.2) for fi'^ follows from that for ^. 

Let {(fim} be a countable subset of C^{S'') that separates the points S'^. 
Then by the same calculation as (j7.3p we have 

fc fc 

Here is a constant satisfying (|7.2p for (/j^- Hence CS* Wr,n G ^^o''- Since 
Wm ® Ur.n} Separates the points of S'' x &, we obtain (Q.3). □ 
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